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ABSTRACT 


Thi'  optimum  structure  of  a signal  to  be  transmitted  over  a ran- 
domly time-varying  and  f requenry - se 1 ee t i ve  medium  is  investigated. 

A model  is  developed  that  treats  the  medium  as  a randomly  time-varying 
linear  filter.  By  viewing  the  filter’s  transfer  function  as  a homoge- 
neous random  field  on  the  time- frequency  plane,  a second-order  theorv 
results  that  relates  various  second -order  measures  of  the  time  and 
frequency  structures  of  input  and  output  processes. 

A Neyman - Pea rson  detector  is  assumed,  and  a s i gna I - design  strat- 
egy, based  on  the  asymptotic  behavior  of  the  false- di smi ssa 1 proba- 
bility when  the  detector  is  presented  with  a sequence  of  observations 
of  the  medium  output,  is  developed.  This  approach  leads  to  the  strat- 
egy of  maximizing  the  ku  1 1 back  - Lei b 1 er  information  number.  It  is 
shown  that  this  criterion  minimizes  the  f a 1 se - di smi ssa 1 probability 
for  any  reasonable  false-alarm  probability  when  the  medium  satisfies 
Price’s  “low-energy  coherence”  condition. 

The  extrema  of  the  Ku 1 1 back - Le i b le r iplbirmation  number  are  in- 
vestigated as  a function  of  the  no i se - no rma 1 iVed  eigenvalues  of  the 
output  covariance  kernel,  and  an  ene rgy - cons t rai ned  maximum  is  found 
to  occur  when  each  degree  of  freedom  possesses  a s i gna 1 - 1 o- no i se  ratio 
i n t. he  vicinity  o f 2 . 

An  optimum  distribution  of  energy  in  the  output  t i me  - f requeues 
plane,  which  maximizes  the  Ku 1 l back -Le i b l e r information  number,  is 
deduced.  Also,  a constraint  is  derived  on  the  input  ambiguitv  funi  - 
lion  that  produces  the  best  mean-square  approximation  to  the  optimum 
output  energy  distribution.  A discussion  on  the  general  structure  of 
input  signals  that  satisfy  this  constraint  in  the  high  s i gna l - t o no i se 
ratio  case  is  included.  Finally,  the  s i gna 1 - des i gn  criterion  of  max- 
imizing the  Ku l I bar k - Le i b I e r information  number  is  compared  with  the 
criterion  of  maximizing  the  divergence. 
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I INTROItl  CTIOM 


This  stiuly  presents  a uni  tied  framework  of  < oncepts  that  relate  to 
the'  reception  of  signals  perturbed  by  a randomly  t Lme-  and  frequency- 
dispersive  medium.  In  particular,  the  problem  of  designing  efficient 
transmissions  for  the  detection  o I’  such  signals  in  the*  presence  of  noise 
is  investigated  within  this  framework.  In  prac  tice,  this  s i gn a 1 - rerep t i on 
problem  and  the  related  s i gna I- des i gn  problem  arise  in  the  detection  of 
radar  targets  that  are  spread  i ri  both  range*  and  Doppler  and  arise*  in 
“on-off"  signaling  over  randomly  time- varying  and  frequency- so  1 or t i ve 
rad i o channe l s . 

We  restrict  our  attention  to  the  question  of  optimizing  the*  detect- 
ability of  a stochastic  signal  in  the'  presence  of  noise.  flic*  stoc hast  i< 
signal  of  interest  is,  in  general,  a nonstat ionarv  random  process  that 
is  the  result  of  transmitting  a known  signal  through  a randomls  disper- 
sive medium  with  known  spectral  characteristics.  Consideration  is  not 
given  to  s i gna  1 - des  i gn  aspects  of  the  more'  general  radar  problem  in 
which  various  characteristics  of  the  target  are  estimated  or  the  more 
general  communications  problem  in  which  one  of  several  signals  is  trans- 
mitted over  the  channel. 

following  an  introduction  to  the  elements  of  the*  detection  problem 
relevant  to  this  study,  in  Chapter  II,  we  devote  Chapters  III  through  \l 
to  the  development  and  discussion  of  a 1 i near-system  c ha  ra<  t e r i /.  a t i on  of 
the  randomly  dispersive  medium.  Besides  uni  lying  various  approaches  t « » 
the  problem  of  modeling  dispersive  media,  this  material  discusses  .i 
second -order  theory  for  randomly  t ime-varying  linear  filters.  Various 
measures  of  the  second-order  propert  ies  of  the*  t ime  and  (requeues  strut  - 
turps  of  an  arbitrary  process  are  introduced,  and  the  manner  i n whit h a 


I 


randomly  dispersive  medium  t i an  s t o mis  .in  input  measure  into  .in  output 
nit-  as  u re  is  de  v e I op  i’ll.  I'll  c u n.i  I v s i s p i esen  I *•  <1  in  tin  si  i 1 1 .1  p t . • 1 - is  go  1 - 
mane  to  t hr  synthesis  problem  treated  in  later  chapters. 

In  Chapter  Nil,  the  detection  problem  is  analyzed.  following  the 
adoption  of  a Me  vinaii-  I’e  a r son  approach  and  an  outline  o I a ka  1 h him  11  - I .of- 1 e 
exposition,  the  lest  statist  ie  and  various  related  quantities  and  useful 
I'ai  t s a re  i lit  rod  need  . 

In  Chapter  Mill,  we  present  the  concept  of  asymptotii  relative 
efficiency  of  radar  signals  as  a criterion  lor  signal  design.  I h i s 
criterion  is  based  on  the  asymptotic  behavior  ol  the  I a Ise-d  1 sun  ssa I 
probability  when  the  receiver  is  presented  with  a sequence  ol  independent 
observations  of  the  medium  output.  lhe  ku 1 1 back- l.e i b 1 e r information 
number  enters  natural  Iv  into  this  material  and  serves  as  a useful  measure 
of  the  efficiency  per  transmission  of  an  input  signal  in  reducing  the 
fatso-dismissal  probu  b i 1 1 t \ . 

Chapter  l\  is  concerned  with  the  investigation  ol  the  extrema  of  the 
ku l 1 back- Le i b 1 e r information  number  as  a function  of  the  noise-nnrmal  l/ed 
eigenvalues  of  the  output  covariance  kernel.  This  leads  to  a signal- 
design  strategy  of  synthesizing  input  signals  that  provide  degrees  ol 
freedom  in  the  output  signal  with  individual  signal-to-noi se  ratio  (>.\ll) 
in  the  vicinity  of  2.  The  result  is  similar  to  a result  obtained  b\ 

Pierce  [lief.  ll.  He  concludes  that  a SMI  in  the  vicinity  ol  .1  tor  each 
degree  of  freedom  minimizes  an  upper  bound  for  the  error  probability  in 
the  symmetric  b i nary- s i gna 1 i ng  case. 

The  ku 1 1 bac k - Le i b 1 e r information  number  is  investigated  under  Price's 
“low-energy  coherence  (l.f.C)”  condition  in  Chapter  \.  He  show  that  under 
l.KC  conditions  maximizing  the  ku  1 1 back- l.e  i b 1 e r information  number  is 
equivalent  to  Price’s  criterion  of  maximizing  the  receiver-output  SNR. 

In  addition,  we  demonstrate  the  asymptotic  approach  to  normal itv  of  the 
Neymari  -Pe  a r s on  test  stat  ist  ic  and  conclude  that  both  criteria  yield 
opt  i mum  s i gna l -des i gn  strategies  when  the  noise-normalized  eigenvalues 
of  the  output  covariance  kernel  are  suitably  small. 

In  Chapter  \1,  we  discuss  the  results  of  Chapter  \ in  terms  ol  the 
useful  concept  of  the  equivalent  number  of  degrees  of  freedom  ot  the 
output  process. 
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I > n a I I \ , i ii  l -Ii  a|>  t <•  r \ I I , .111  opt  i m uni  s ha  pc  for  tin  distribution  of 

i'111'l'f.n  ill  I In  tint  [iiit  l i me  - I requeues  plane  is  deduced.  This  shape  maxi- 
mizes the  Ku  I I 1 1 a i k - l.e  i Ii  I e i i ii  I o lina  t i on  ii  inn  her  |i\  ,i  <li  i e \ i ii  u the  proper 
number  o I decrees  ol  freedom  for  the  available  >>\lf.  \ onstranil  on  the 

input  ainh i £U 1 t \ limit  inn  is  derived  that  ensures  the  best  mean-square 
approx  im.it  t on  to  the  optimum  shape.  tte  then  treat  the  hiph->\H  ease. 

II  1 s 11 1 interest  to  compare  the  Ku  1 1 ba<  k - l.e  i b 1 e i t n forma  t i on  number 
with  other  proposed  measures  of  del  ai  ion  performance.  Therefore,  in 

I It  a p t e I \ I 1 1 , til  a X i m 1 1 i n £ the  Ku  l l bar  k - l.e  I b 1 e r l n l orina  t t oil  u uni  be  i and 
in  a \ i m i / l n tr  the  d l \ e t gen  n are  d i si1  us  sod  as  s i pn  a 1 - ile  s i gn  i r 1 1 e r i a . 
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In  this  notation,  tr  ( t ) is  the  real  narrow-hand  signal.  I (|  is  a frequency 
within  tin’  haml;  ami  x(f>  is  tin’  complex  envelope.  l’lie  magnitude  o I xt  I 1 
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\ppend  i x \.  ) 

To  characterize  how  the  medium  t ransforms  an  input  signal  into  an 
output  signal,  the  medium  is  viewed  as  a randomly  time  varying  linear 
filter.  We  account  for  time-  and  frequenev  selective  fading  phenomena 
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that  produces  the  same  output  as  the  medium  lor  a class  ol  propci  Iv  li- 
st rieted  narrow-hand  inputs. 

Mecause  the  medium  is  assumed  to  he  linear,  we  can  proceed  formal l\ 
in  the  usual  manner  and  define  system  functions  which  yield  the  response 
of  the  medium  to  classes  of  elementary  input  signals  Owing  to  the  rnndoi 
nature  of  the  medium,  however,  the  description  o I the  s \ s t etn  I u n i t i on  s 
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obtained  in  this  fashion  necessarily  requires  concepts  employed  in  the 
theory  of  random  fields. 

The  fundamental  system  function  associated  with  the  medium  is  the 
time-variant  transfer  function  \ simple  experiment  performed  on 

the  dispersive  medium  generates  this  important  function: 

1 f the  input  .v(  f)  is  the  t'.W  tone 

I 2 71  ( / + t ) i 

x(t)  " He { e 

then  the  output  of  tlie  medium  in  the  absence  of  additive  noise  is 
given  by 

z(t)  - He  //<  f ,/)e  ° <2  I 

Thus  //(  t,f ) is  the  complex  envelope  of  the  medium  response  to  a C.W  tone 
relative  to  tfie  frequency  of  transmission.  In  this  study,  we  assume  that 
the  time-variant  transfer  function  is  a complex  random  field  defined  on 

t ft  e time- frequency  plane.  That  is,  given  n points  ( f ( , / | I ( I n . / I 

in  the  t ime- frequency  plane,  the  2n  random  variables  corresponding  to  the 
real  and  imaginary  parts  of  //(  t ( , / j),  ...,  //(  f , / ) will  possess  a joint 

probability  distribution. 

For  fixed  /,  IK  t , f)  defines  a complex  random  narrow-band  process  in 
I that  yields  the  amplitude  and  phase  time  variations  of  the  medium 
response  to  a CW  tone  at  frequency  J + / . We  can  then  view  the  transfoi 
function  as  a complex  random  surface  yielding  the  amplitude  and 

phase  of  the  medium  response  as  a function  of  time  for  C.W  tone  inputs  as 
a funet  ion  of  input  frequency. 

The  system  diagram  of  Fig.  I depicts  the  model  for  the  detect  ion 
p rob  I I'm  considered  in  this  study.  I poll  observation  of  the  process  y ( t ) 
in  the  time  interval  (0,7'),  the  receiver  must  deride  whether  or  not  t lo- 
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FIG.  1 SYSTEM  DIAGRAM  OF  DETECTION  MODEL 
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II  Re{e  0 I i s the  input  to  the  filter,  then,  from  Kq.  (2),  the 

output  is  an  appropriate  limit  of  summations  of  the  form 
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Or  I liopona  Ills  o I tin’  i 11  <-  I'i-iiic  n t ;i  I <ha  mi  <■  Is  is  h n<-r <•  s sa  rs  ami  s u i t 1 1 i 11 1 

r oiui  t l I o n fur  w i ii  r - si*  ii. si*  stat  lima  r I t s 1 1 f t h <■  random  I 1 1*  I *i  //  ( t , f ) i n l"i  t If 

I a mt  / . 

It  is  i nt  iMi’.st  i np  to  not  • • that  rxp  ross  i n ^ //((,/)  in  tin-  Minmiat  um 

lor  in  v i *-  l il  s a t appeal  ill-  1 a v - I i n i*  moilo  I t-ipi  i v a I <-  n t to  t lit-  i i 1 t • • i nioilo  I 

st  ml  i oil  by  kail  nth  Hi- I . 5 1 . II  wi  ■ wrili- 


. . . i - "A  . i - 2 it  i t 

//(  t , D R(\.  , ' )<■  e 

t , k J 


a ml  1 e t 


, . « 2 -A  , / 

.4  (t)  . lM\k,T  )<>  k 

J k * ) 


then  Hit,  f)  ('an  be  expressed 


2-r  f 


//(  t,f)  M (t  )e  ' 


A dr  1 a y line  possessing  taps  at  t hr  dr  1 a\  s ’ ^ with  a t i me  - v a r i a b l r 
gain  1 jit)  at  each  tap  realizes  this  t ransler  function.  I lent  « the  modr 1 
for  the  dispersive  medium  treated  in  this  stud\  is  essential  1\  the 
Ka i 1 a t h model  in  which  the  tap  gain  functions  arc  complex  st  at  ionar\  ran- 
dom processes  that  are  mu  t n a I 1 \ o r t hogon  a 1 for  all  time  soi  i t n.  liqua- 
tion ( 5 ) illustrates  the  presence  and  origin  of  l requ  en  cy  - se  1 t i v r 
lading.  \ t a particular  instant  of  time,  the  t r an  s 1 e i I un  e t 1 on  v a r i c > 
with  frequency;  this  1 r eiju  e m \ variation  is  caused  b\  the  time  delays  ' . 

If  we  write 


in  t , t ) - ( f)e 

k 


Tli  is  transfer  f tine  t i on  can  be  realized  h v a sequence  of  t i me  - v a i \ i n g 
elements  in  parallel  Ref.  h . I.a  eh  element  is  composed  of  a tinn- 
v a r i an  t random  t i I t rr  ( f ) foil  ou  rd  b\  a f i eqnene  \ t ran  s J a t o i wh  i « fi 
i nl  lodurrs  the  I rniurnrv  translation  , . I m a t i mi  ( (>  ^ illustrates 


tin*  presence  .mil  origin  o I l i me  - sc  l e<  t i v r I ad i n g.  \ t .1  p a 1 1 1 < 11 1 a 1 1m 
qu  1*  11 1 \ , tin*  t r a ns  I * ‘ 1 function  v.i  rirs  with  time;  this  time  variation  1 
< a us  ed  h v t h <•  Dopp  I e 1 shills  \ , . 


H : M K I ) I l \1  si  Mil  in  Mi  II  \(  NON 


I I He  ' e " is  the  input  to  the  medium,  t lit*  11  t 1 1 • * out  put  **  1 

.m  i iK  r rm«  *11 1 .1 1 r fin  it  110  I possess  i ng  Dopp  1 i*t  '-hi  ft  * .md  t 1 1 « d»  I .1  y Im 

the  I o rin 


i2r»(/-t-/0)r 


IWm \U(\.  ,1  )e 

k ) 


«fO„U4  H.-tj  » 


which  is  ine  re  1 v a rosine  1 line  t ion  with  random  amplitude  and  | hi  < . I In 

ensemble  average  power  o t this  rosine  I 1111  ( t 1 on  ran  1 >«  ■ e \ p r t • • i .1 


- K AC  (A.  . r )|2] 

) k 1 


• I » « I <tk 


S ( x , v ) </  \ </\ 


I h us  the  sti  r I aee  /‘^  ( V , r ) the  real  quantity  appearing  in  K « \ . Ur  I , plots 
t fie  .1  v e 1 .1  ge  power  scattered  b\  the  medium  as  a l’ unc  t i on  of  Doppler  shill 
and  time  delay.  The  derivative  Ny  (\,7  I is  then  the  density  of  power 
scattered  fis  the  medium  as  a I urn  M on  of  Doppler  shift  and  t 1 me  dc  I av  . 

I'  o 1 this  reason,  S ( \ t r ) a I L o r ds  a particularly  useful  physical  descrip- 
tion of  t fie  medium  and  is  called  t.  lie  medium  scattering  function  (Hols, 
and  8 1 . 

I h e spectra!  representation  I'aj . (4a)  will  he  formally  written  in 

terms  of  a non s t a t i on  a r \ white-noise  random  field  r (V  , ’ ) rather  than 
the  o r t hogon a l - 1 n c r erne n t random  I i e 1 d H ( \ , 7 ) He  I s , Q and  10  . 


in  t , t ) 


2^  (A  l " r f ) 


I (\,  ’ 


1 • (\  , 7 ) r (\  ♦ ; , r ♦ . ) .s’  ( V ,•)()(;  ) 
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Out*  can  \ t*  r i I \ l 1 1 .1 1 Kq  s . ( 7 .1  ) and  ( 7 b ) 1 m | » I \ .1  l wo  - tJ  1 m«*n  s 1 on  a 1 \ « 1 - 

sion  of  tin*  W 1 t*iit*  r - Kli  1 11 t c li  i no  t heo  r em ; t hat  is,  t lit  t i mi*  - 1 r eq  u t*n<  > auto- 
ro  r r t*  I a t i o n I line  t i on  ant!  the  scattering  I 11 11  < t 1011  < c n s t 1 t 11 1 e .1  Fourier 
t r a n s t o rm  p a 1 1 , 

/(„(.,/()  IJ  <’,2va*~  ' i>Sv(K,T)dKdT  (8a) 

JJ  <-,2"aa~r  "nH(  »,.")</<</.■  . (8b) 

I’ll.-  above  re  l at  i unships  [Kqs.  (7)  and  (8)1,  which  have  been  pointed 
oat  by  hollo  [He  I’.  Ill,  form  the  basis  of  a very  fruit  till  and  interesting 
a pp  r o ac  li  to  the  problem  o I characterizing  r andom  l \ t i me  - v a r y i n g media. 

To  s a l i s l x the  tomli  t ion  in  l\q . ( 7 b ) , we  assume  that  tin-  quadrature 

components  of  t lie  random  field  i (Kr  r ) form  a mutual  l\  uncorrelated  family 
of  zero-mean  random  variables.  This  assumption  implies  that  tin-  constant 
in  F.q.  (3b)  is  zero.  It  is  also  assumed  that  (or  a given  and  the 
quadrature  components  of  r ( A , ’ ) are  i den  t i c a l 1 \ distributed  random  vari- 
ables. These  assumptions  (see  Appendix  \)  lead  to  the  iol lowing  four- 
i or  relut  ion  luiict  ions  for  the  quadrature  components  of  //  ( t , I ) : 

E[HR(t,f)llH(t  + a,/  + 0]  E{Hj(t,f)H,U  + a,/  + .-)]  ' li<-  ■/{„(.,  ■)) 

(0.0 

fc'l//fl(  t,  /)//,  (t  t a,/  + Ol  -E[//r(f  ,/)//„(  f + i ,/+  .0]  ln>  .)} 

(%) 

wlie  re 

H{t , f)  Hn ( t , /)  + i Hj  ( t , f ) 

In  modeling  a scattering  medium,  it  is  reasonable  to  assume  that  t he  ran- 
dom field  II  ( t , f ) is  Gaussian*  In  this  case,  the  above  assumptions  i nip  l \ 
that  the  first-order  p r o ha  I)  i I i t \ d ens  i t \ o I the  phase*  o I H { t , f ) is  un  i I o i • . 

I hi  s merely  means  that  in  the*  absence  of  pi  ior  informat  ion  concerning  the 

behavior  of  //(?,/)  one  does  not  expect  t h e phase  o I //  ( f , f ) lot  a si  a t t e i i n g 

medium  to  favor  a region  o I phase  values  at  an\  particular  point  in  the 

t I rue  - f ‘requeue  \ plane.  Ill  other  words,  ll  vv « * choose*  illl  dibit  | dl  \ / and  1 

and  observe  the  phase  of  the  response  o I a scattering  medium  to  a ( W tone 

I I 


at  I requeues  / + f 0 at  I imc  t,  there  is  no  physical  reason  n fir  tort  that 

t 1 1 e p 1 1 «»  e will  a s s unit*  some  values  a t tin*  expense  < » I other  values.  Hie 
a bo  v e assimipl  i oiis  also  i inp  1 \ that  the  qu  at!  r a t u r e ( omponeiit  s o I //(/,/) 
possess  zero  mean,  .1  fact  that  is  intimately  related  to  the  un  1 form  phase 

of  Hit  , / ). 

We  note  that,  when  //  ( t , \ ) is  Gauss  i an  and  the  conditions  of  I <js . (9a) 

and  (9b)  are  satisfied,  the  t ime- I requenry  autocorrelation  function 
/f  ( * , ■ ' ) completely  spec  1 I i e s the  probability  law  o I //  ( t , f ) , and  the 
quadrature  components  of  //  ( t , / ) are  homogeneous  real  random  fields. 
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IV  SYSTEM  UNCTIONS  \M»  SYSTEM 
AUTOI .( )KBEI .AT I ( IN  UNI  I IONS 


A.  SVSTKM  FUNCTIONS 

In  tills  chapter,  four  equivalent  rrprcsentut  ions  lor  tin  output  of  a 
t irae- vary i ng  linear  medium  are  deduced  from  the  basic  definition  of 
II  ( t , I ) [ Fq . (2)1.  Fa  oh  representation  relates  t he  input  and  output  of 

the  channel  through  one  of  four  system  functions.  Kadi  system  function 
completely  describes  the  channel  in  one  of  four  possible  rectangular  co- 
ordinate' systems.  The  four  coordinate  systems  are  formed  b\  (boosing 
Doppler  shift  or  output  time  for  the  first  coordinate  and  t i me  dela\  or 
input  frequency  for  the*  second  coordinate.  For  example,  //  ( t , / ) is  .1 
system  function  where  the*  first  coordinate  is  output  time*  and  the  second 
coordinate  is  input  frequency.  Furthermore,  any  system  function  can  be 
obtained  from  any  other  system  function  through  an  appropriate*  Fourier 
transform  relation.  From  a system  point  of  view  (the  most  convenient  foi 
our  purposes),  t lie  spectral  representation  [ Kq . (7a)  is  a statement  o f 

transform  relationships  that  exist  between  the  four  system  functions. 

We  begin  by  relating  the  input  and  output  through  the  system  function 

H(t , f) . 

Let  \( / ) b»  the  Fourier  transform  of  the  input  complex  envelope,  then 


The  response  o f the  medium  t o 

I - « 2*"  t /+  t 41  > t\ 

lie  \(  1)r  ‘ ) 


I II  .I'M  I t I t * t.f  f , f I '1 1 1 ' ■ Its  is  sril  111  I Ills  SM  t l"M,  IH  1<  [ Be f . Ill  considers  f our 

t fm  f mu  I 1 ns  that  itir  t t 4 i i>ed  l\  - I*  s 1 n»r  1 | • I r shlf(  «>r  input  time  for  the  first  coordinate  and 

t i ne  dr  l .i  > i |t  • t»  |ip.|  in  1 t • • e t,d  t d « na t e . I ■ this  manner,  ne  : t a i n t •••it  pH  1 1 s I 

svstem  fnn<'  ins  «hi<t.  IV.  Bel.  hn  defined  t " I"’  dual  perators.  lie  alfl"  "naiders  the  I nr  s\s- 
t em  f uni  T ions  <•(. t a I ned  Is  h <•  i in'  -ut  put  l rr  >r  output  f reque  nc  y for  t he  I 1 1 s t <"t  d I na  t e a n<l  input 

time  or  input  f t e t p , e 1 1 1 s t i the  ■ i o I "tdinHte. 


lit 


is  ^ i v «•  ii  l>\  Ki| . ( J ) .1  - 

H<  \ //(  f , / )\(  / >r  I 

Linearity  '>1  the  mod  i urn  i mp  1 i cs  l l>  .i  I t Ii  «•  medium  i c.s]iiiiiso  to  a ( I ) < .in  be 
w r i 1 1 e ii 

J . i 2” ( f + / ..  > i 1 

-•(f)  Ii.-  1 IK  f , / ■ t\ I / )e  0 f df 

He  { U(t,f)X(f)e  l2TTl'dfe  ‘ 2 ^ ' 0 ' } 

Hitts  we  obtain  the  output  complex  envelope  in  terms  of  the  Fourier  trans- 
form oi  the  input  complex  envelope  through  the  relation 

/.(f)  - J IK  t,f)\(f)e  ,2nf<df  . (10) 

Equation  (10)  yields  a Fourier  representation  of  the  output  / ( f ) in  terms 
of  the  input  frequency  spectrum.  In  this  representation  a component  of 
the  input  at  frequency  f is  weighted  by  the  time-variant  transfer  func- 
tion ll(t,f),  which  reflects  the  t i me- var  i able  nature  of  the  mrthum's  fre- 
q ue nc y characterist i c s . 

The  spectral  representation  [Kq.  (7a)]  can  lie  written 
IKl.f)  = J h(t  ,t)c~  ‘ '~rrr  1 (I  I 

whe  re 

h(t,j)  - J v(K, r)e  i;;ttA  'dk 

Flic  quantity  h(f,7)  is  a system  function  that  relates  the  input  and  out- 
put in  the  following  manner: 

/.(f)  - f h ( f , t )x  t f -7  )(/f  . (II) 

I u Fq . (II),  the  function  h ( f , T ) is  the  channel  time  response  at  time  f 

due  to  a unit  impulse  applied  in  the  time  domain  at  time  f - ■ . 

A third  system  function  can  lie  deduced  by  writing  the  spectral  rep- 
r esc n t a t i on  i n I he  f o rn 

I 1 


//( r ,/) 


V(\,f)e' 


: - a 


w li  i'  r <• 


V (K,  f ) I I'  (\,  7 )«•■  ' -”rT  /(/r 

The  out  put  /(t)  e.m  he  expressed  ill  I e I ms  <>  I MSli'iii  function  V(  ) 

/At)  \(u  ~ I , f )\(  I )<■  :"  u ''I  hiii 

It  follows  from  Kq . (12)  tliut  l lie  Fourier  trims  form  ot  the  out 

/At)  is  g i v e ii  by 


/(li)  - 1 (It  - f,  I )\(  f)df  . ( 

In  Kq.  (12)  the  function  F(\,/)  is  the  medium  frequem  \ respons,  .it 
quency  f + K due  to  a unit  impulse  applied  in  the  frequenr\  domain  .i 
frequency  /. 

Finally,  the  output  can  he  expressed  in  terms  ol  the  Doppler-di 
random  field  r(\,T),  which  appears  in  the  spectral  representation 
[ Fq  . (7  a ) ],  as 

/At)  - I.!  t (\,  ; )x(t  ~ i )>■  ' '"A 'd  d 

Fquation  111)  yields  a representation  of  the  output  in  terms  of  a s, 
function  that  specifies  the  incremental  time-delay  and  I'opp  I e i - sli  i I 1 
characteristics  of  t lie  medium.  In  this  representation,  the  trim 

r (K,t)\( t - t )c 1 "A ' 

corresponds  to  the  medium  delaying  the  input  signal  h\  se.onds, 
i n g the  input  frequency  spectrum  by  ' c ps , and  multiplying  by  tin  t 
complex  gain  i>(\,r).  Figure  2 summari/.es  the  re  1 a t i mis  h i ps  between 
font  system  functions.1  In  this  figure,  («  * r)  symbolizes  a F.uut 

t r ti  n s f o rm  from  the  n variable  to  the  t v a i i a b 1 e . 
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fhe  fxisiffitf  . f 7\  /'  >5  ill  si  us  nr  tl  iti  tin 
^ Hits  i|  iii^nimnmi  ir  r«*|>rr»f*nt  at  ion  is  'In*'  * 
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FIG.  2 SYSTEM  FUNCTION  RELATIONSHIPS 

It.  SYSTEM  M TOC.OHIU.I  \TION  IT  NOTIONS 

E'our  system  a u t oeo  r re  I ,i  t i on  functions  serve  to  charae  t e r 
second-order  statistical  properties  ot  the  system  functions, 
duce  these  functions  by  simply  computing  the  a u t Oc  o r re  1 a t i on 
associated  with  each  system  function: 

Kin* ( t , /•)//( f + a,/  + r')]  - «w(  >.  ') 

The  function  is  the  medium  t ime- f requenev  autocode 

func t ion. 

K It  *(\,  l )r(\  + .,r  + ‘Ml  S't  (\,  r)r  (;  ).'(’) 

The  function  <S  (\.,r)  is  t hi'  medium  scattering  function. 

E[h*  (t  ,i  )h{  t + a,  r * Ml  - Hh  O'  I 

The  function  II. (a, r)  is  the  de  l ay -dependent  time  autocorrel 
func t i on  o f t he  mod i urn. 

e\v ' (\,f)\  (\  ♦ v,  f t ■)]  - n v(\..  i -I.  i 

Th  e function  R ‘ , >)  is  the  Dopp  1 e r -dope  ml  c n t I reipienii  a u t 
relation  function  of  the  medium. 


1 /. e t he 
We  int  r 
f line  t i on 


1 a t ion 

tin) 


(ITT 

at  in n 

(18) 
oc o r - 


i ii  r.i|s  . 


( 1 (l  ) mid  (17)  l><  I it  II  si-  t Ii 


Tin'  ill' I t .i  function  '(  ) appears 

t I mi  - v .i  I1  I a II I I rmisliT  I nm  I i mi  II  l f , ( ) i s w t dr  - s r ns e s t a t i o na  IN  in  / . 

Similarly,  l Ii  r delta  I uni  t i on  ( . ) in  Taps . ( 1 ()  ) and  (18)  is  dm-  to  I Ii 

* i dc  -sense  s t a t i ona  r i t \ of  11(1,1)  i ii  I.  The  delta  function.''  reflect 


the  fart  that  the  spectral  components  o I a wide-sense  s t a t i o n a I \ pro- 
cess possess  the  characteristics  of  nniist.it  innan  white  noise 
,1'nfs.  (7a)  and  (7I>)'-  \ i'or  respond  i hr  set  oi  I'ourier  transform  rela- 

tions exists  tie  tween  the  s\. stent  autocorrelation  functions,  similar  to 
the  relations  that  exist  between  the  sxsteni  functions.  These  relation 
are  summarized  in  1'ig.  a. 
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In  iiia  ii  \ situations  o I i n t t‘  re  s t to  a communication  i ■ n g I n i < ■ r t ti  *■ 

put  o I a dispersive  m oil  i mu  is  a m'list  at  loimrv  r a ndum  p roe  i s s p s , 

finite  energy . In  this  chapt  er . lour  useful  I tine  t inns  an  developed 
serve  to  rha  rai  ten  /.e  t lie  second  order  properties  o I the  I i ' and  In 
qttene  v structures  o I signals  o I this  type.  1 h e s e functions  although 
defined  for  non  s t a t i ona  r \ random  processes,  are  meaningful  vvhen  the  p 
cess  happens  to  he  s t a t i otiarv  or  even  detenu  i n i st  i c . 1 he  usefulness 

the  measures  developed  in  this  sect  ion  in  analyzing  a radar  or  eummiin 

lion  system  incorporating  a seatt  'ting  medium  Ins  in  tie  fait  that  t 

input  and  output  measures  are  related  simply  and  natural Iv  through  tii 
system  autocorrelation  (unctions  tor  a randomly  tin. e-vaiving  lineal  I 
We  shall  find  that  in  the  see  ond - ord e r theory  o I randomly  t i i y a i y i n 
linear  filters  a mathematical  structure  exists  that  extends  the  very 
concepts  that  have  heen  developed  f o i de  t e rm i n i s t i i time  invariant  I i 
W'th  stationary  random  inputs. 
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S i nr  '•  H Z(<X  . ( ) is  lie  rm  i t i an  in  ■< . S z ( / . f ) is 
density  is  uonnega  t i v e i I a mi  on  1 v i i H (Ct , t ) is  a posit  i vr  dr  I i n I l <■ 
in nr  t i on  of  1 for  all  ( . ] 


To  analyze  t lir  frequenry  structure  oi  the  process  /.(f)  ii  is  run 
ven  lent  to  deal  with  the  Fourier  transform 


Z(  / ) 


z(t  )e'‘2r,/,dt 
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If  /.(f)  is  a random  process,  then  Z(  j ) is  a random  variable.  It  < an  lo- 
siiovvn  that  the  stochastic  integral  in  Fq . (21)  exists  as  a mean  square 

limit  of  R iemann  sums  if  and  only  if 


S(f.t)dt  < ■ 


When  z(f)  is  a stationary  random  process  this  condition  is  not  satisfied 
since  the  frequency  components  of  a stationary  random  process  possess  the 
characteristics  of  nonstationary  white  noise.  II  the  process  /.(f)  satis 
fies  the  condition 


El  z( f ) I }Jt 


then  Fub i n i ’ s theorem  implies  that  the  integral  defining  Zi I ) exists  with 
probability  one  [Ref.  12j. 


The  random  process  /.If)  possesses  the  frequenev  autocorrelat  ion 
function  /f  — ( / ..•').  which  is  defined  in  a niannei  s i r.  i 1 a r to  the  turn  auto 
co r re  1 a t i on  f unc t ion, 


/?,( / i - E 


Z / 


-tK-)] 


(22) 


The  frequency  autocorrelat  ion  function  also  possesses  the  Hermit  i an  propel  tv 

li\U  ) = /f 2 1 / -■•) 


Finally,  we  define  the  ambiguity  function  V.  (*..•’)  «»»  the  Fourier 


transform  of  II , ( a.  f ) with  respect  to  f 
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If  i.(l)  is  deterministic,  then  the  above  definition  agrees 
usual  definition  of  t lie  ambiguity  function  [Hoi's.  13  and  11 
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FIG.  4 TRANSFORM  RELATIONSHIPS  FOR 
THE  MEASURES  OF  THE  SECOND- 
ORDER  PROPERTIES  OF  A PROCESS 
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The  ambiguity  function  . 2(  t,  *)  has  the  interesting  propet  t\  • » t 

l)e  i ng  the  spectra  I dec  ompos  i t i on  of  hot  h the  time  van.it  mil  o I t It*  t i • « 

aut.ocor  re  1 at  i on  1 unc  t i on  and  the  f r e queue  \ variations  o t t h * t r *•  to  \ 

autocor  re  I at  ion  fund  ion.  I*  o r a fixed  time*  difference  » R 2 < f t i 

function  of  time,  and  y ( it , • * ) , cons  i cl  «*  red  as  a function  of  i - a - p* 

t r a 1 decomposition  of  the*  time*  variations  of  R ( > , t ) . S i m i I a r 1 \ I •»  i a 
fixed  frequency  difference  R f , ) is  a function  of  I i e q ue n ‘ \ and 

t/'  2 ( * %p ) , e ons  i de  r c*d  as  a function  of  is  a spectral  d»  - < omp<  > > i t i on  "I 

the  I requeue  v var  i at  i ons  of  R - ( f , . • ) . It  is  also  i nt  e i e s t i tig  t •»  not  • 
that  the  dependence  of  the*  time  autocorrelation  function  on  t In  t i < 
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difference  a is  determined  by  l lie  frequency  variations  ol  the  frequency 
autocorrelation  function,  and  the  dependence  ol  the  I requeue \ autoioi 
relation  function  on  the  frequency  difference  is  determined  hs  tin 
t t me  variations  o f the  t 1 me  autocorrelat i on  1 u nr  t ton. 

The  function  S (/,  t)  possesses  an  energy  density  interpret  at  ton  in 
the  sense  that  the  mean-square  time  envelope, 

t'[|z(f)|2J  flz(a,  f) 

ran  be  shown  to  be  the  average  energy  density  in  the  time  diintion  and 
the  mean-square  frequency  envelope, 


£■  L |Z(/)  1 2J  - « ZC  / . 0)  St[j.t)dt 

ran  be  shown  to  be  the  average  energy  densitv  in  the  f reqtieiu  \ direttiou. 

We  demonstrate  this  property  of  S^X.l)  in  the  following  lonsid.-r- 
,it  inns.  l,et  /,  ( t ) be  applied  to  a rectangular  bandpass  filter  with  height 
unitv  and  cutoff  points  at  the  frequencies  / j and  I,;  then  the  mean  value 
of  the  energy  o i the  output  X { t ) ran  be  writ  t e tl  I 

/ , y ( f ) I \lt]  E V ( / ) 'til 

= 2 |Z(f)t‘</f] 

f.J 

' /M I . Old/ 
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S A I t)  tit  ill 

h 

bet  y.(  f ) be  applied  to  a filter  that  multiplies  the  input  function  of 
time  by  unity  if  f,  I < I,  and  by  /.no  for  t otherwise;  thru  the  mean 
value  of  I li«*  energy  o 1 t 1)  e output  y i t ) ( a u b < written 
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7fz(0.  t )dt 
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S ( f . t)dfdt 

. z 


Thus,  our  interpretation  of  the  function  S (f,t)  leads  to  a natura 
generalization  of  the  spectrum  concept  employed  in  the  theor\  of  s 
t ionary  random  processes. 

Moments  of  the  energy  density  in  the  t i me  and  frequency  direr 
lions  are  useful  measures  of  the  structure  of  t lie  signal  /.(H.  ll 
define  the  normalized  time  and  frequency  energy  dens  1 1 ies 
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>'z  ( f . t ) ii  f dt 


then  the  time  and  frequenc  \ moments  can  he  defined 
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mran  signa  I time*  and  the  riM'an  signal  f requrtn  \ «*l  tin-  pi- 


z ( t ) arc  g i v f»n  by  t hr  quan  t i t.  i r s m }-  ( z ) and  m y ( t. ) . r t*  spr  c i i v r I \ 


<] ii .in  i i t \ 


is  a measure  of  the  tins  time  dispersion  of  the  process  /;(()  and  the 
q uaiit  it  y 


i o / \ 
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is  a measure  of 

t he  mis  1 requeue 

y d i spe r s ion  of  t h< 

■ process  Z ( f ) . 

If  z(f)  is 

a wide-sense  st  at 

i on  a r y r a mliiin  p r oc  c 

*s s , t hen  t he  1 ou r 

signal  measures 

can  be  written 
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/?,(«) 

(26a) 

yzia.,3)  = 

( 26b  ) 

II 

r**i 

Sz(j)b(2) 

(26 c ) 

St(f,t)  = 

Sz(f) 

(26d) 

where  Rli&)  and  S2(/)  are  the  usual  autocorrelation  fund  ion  and 
power  spectrum  associated  with  a wide-sense  stationary  process.  Note 
that  Eq . (26c)  states  that  the  frequency  components  of  a wide-sense 

stationary  random  process  possess  the  characteristics  of  nonstation- 
ary white  noise.  Equation  (26b)  illustrates  the  tendency  of  the 
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dispersive  elicits  of  t lie  medium  on  the  second  order  properties  ol  input 
signals.  for  example,  if  the  medium  l i me  - I req  tiem  y autocorrelation  Into 
t i on  is  essentially  constant  over  the  region  in  the  i plane  occupied 

hv  the  input  ambiguity  function,  then  the  medium  is  time  Mat  and  frequent y 
flat  relative  to  the  input  modulation.  That  is,  the  medium  essentially 
preserves  the  time  and  frequency  structures  of  the  input  signal.  On  tin- 
other  hand,  if  the  medium  t i me-  1 requency  autocorrelation  i unit  ion  occupies 
a very  narrow  region  in  the  a - p plane  compared  to  the  region  occupied 
bv  the  input  ambiguity  function,  then  the  medium  drasticallx  alters  tin- 
time  and  frequency  structures  of  the  input  signal,  to  the  extent  that  the 
structural  characteristics  of  the  output  signal  are  determined  hs  tin- 
medium  rather  than  by  the  input  signal.  Thus,  if  it  is  desirable  to  main- 
tain at  the  output  of  the  medium  the  time  and  f requeues  strm  lures 
possessed  by  the  input  signal,  one  should  use  input  ambiguity  him  t mm 
that  are  narrow  compared  to  the  medium  t i me  1 requeues  autocorrelation 
function.  However,  if  one  wishes  to  measure  the  medium  elia  raet  er i st 1 1 s , 
it.  is  desirable  to  use  input  ambiguity  functions  that  are  wide  compared 
to  the  medium  time- f requency  autocorrelation.  Similar  conclusions  ran  In- 
drawn from  Kq.  ( 27d ) , which  states  that  the  output  energy  density  is  the 
result  of  convolving  the  input  energy  density  with  the  medium  scattering 

function.  Observe  that,  il  the  input  energy  density  occupies  a very 

narrow  region  in  the  t i me- frequency  plane  relative  to  the  region  occupied 
by  the  medium  scattering  function  in  the  Dopp 1 e t de  1 ay  plane,  then  tin- 

output  energy  density  is  essentially  determined  by  the  modi  urn  seat  ten  ng 

function.  When  the  medium  scattering  function  is  n-n  narrow  compared  t" 
the  input  energy  density,  the  output  energy  density  is  essentially  deter 
mined  by  the  input  energy  density. 

\ re  I a t i onslt  i p that  describes  the  output  energy  density  i ii  the  t i : <■ 
direction  and  a relationship  that  describes  the  output  energy  density  in 
the  frequency  direction  can  be  deduced  from  Kq.  (27d).  The  output  energy 
density  in  the  time  direct  ion  is  given  by  the  mean  -qua  re  time  envelope 
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K i|  11 « t i on  (10)  st. lies  that  the  output  mean  square  time  envelopi-  t'  oh 
lained  bv  convolving  the  input  mean- squa  re  time  envelope  with  the  lin'd  i um 
delay  profile.  \ similar  expression  lor  the  output  energy  density  in  tin 
frequency  direction  can  he  obtained  from  the  mean  square  Iroqucncv 
on v e I op e . 
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result  ol  i o ti  vo  I v i ng  the  input  mean  square  I r eq  u e u e y envelope  .ill.  the 
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Heine  the  power  spectrum  of  the  time  variations  of  the  medium  rcspuie 
to  a ( \\  tone  at  a fixed  frequency  is  given  l>\  the  Doppler  profile. 

The  delay  profile  is  the  power  spectrum  of  the  wide  sense  st  a 
tionary  frequency  variations  of  the  transfer  function. 
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Mean- square  time  and  free]uency  dispersions  of  the  output  prooe 
lA  t ) can  he*  computed  by  employing  la] s (25a)  and  (25b): 
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Those  equations  state  that  the  output  mean  square  time  ( frequent v)  dis 
persion  is  the  sum  of  the  input  mean  square  time  ( I r oquonc \ ) dispersion 
and  the  mean  square  time  delay  (Doppler ) spread  of  the  medium. 
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In  other  words,  the  task  ol  the  rereivei  is  to  decide  whether  the  prob- 
a b i 1 1 t V measure  govern  l lift  the  o b s e i v ed  p r o e e s s > ( / ' is  the  noise  p i o b a b I I l t 
measure  or  the  s i gn  a I - p 1 us  - n o l sr  probability  measure.  lhe  following 
assumptions  define  the  two  probability  measures. 

(1)  The  medium  transfer  function  is  a complex,  homogeneous, 

Gaussian  random  field  with  zero  mean  and  t i me  - 1 requeue \ 
autocorrelat  ion  fund  ion  v<->. 

(21  The  complex  envelope  of  the  I i aiisnn  t led  signal  X'ft  i s 
a known  fund  ion  ol  time. 

( 3 ) The  noise  complex  envelope  n ( t 1 is  a c onip  1 ex,  s t a t i on  a r v , 

Gaussian  random  process  with  zero  mean  and  a white-noise 
spectrum  of  intensity  \ (|  and  is  independent  ol  the  ran- 
dom field  ll(t,f).  (See  \ppendix  \.  ) 
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The  above  relations  [hqs.  (40a)  and  ( 1 0 1> ) apply  lor  the  s i gna  1 - p 1 us  - 
noise  hypothesis;  the  corresponding  relations  for  the  noise  hypothesis 
are  obtained  by  setting  \ to  zero. 

■ n 

We  can  now  conclude  that  the  quadrature  components  of  the  \ ^ form 
a mutually  independent  family  of  zero-mean  Gaussian  random  variables 
with  variance  ( A.  + \ ) 2 under  hypothesis  //,  and  variance  \ n J unde  i 

hypothesis  // 0 . 


The  likelihood  ratio  /( y)  can  be  formally  obtained  by  forming  the 
limiting  ratio  of  the  probability  measures  on  a sequence  of  the  > undet 
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VIII  ASYMPTOTIC  RELATIVE  EFFICIENCY 
OF  RADAR  SIGNALS 


The  receiver  treated  in  this  study  is  a Ney  nia  n - IV  a rsmi  detector. 
For  a given  false-alarm  probability  c,  the  receiver  achieves  the  lowest 
possible  f a l se -d  L smi  ssa  1 probability  by  comparing  the  statistic  .s'  with 
a proper  threshold.  Since  the  probability  law  of  the  random  variable 
.S'  under  either  hypothesis  depends  on  the  eigenvalues  ol  the  covariance 
kernel  A 2 ( f , s ) , which,  in  turn,  i s de  t e rm i ned  by  an  interaction  between 
the  input  signal  and  the  dispersive  medium,  the  resulting  fa  I. se- 
ll ismissal  probability  will,  in  general,  depend  on  the  structure  o I the 
input  signal. 

In  this  chapter,  we  introduce  the  problem  of  designing  an  input 
signal  that  optimizes  the  efficiency  of  the  Neyma n - Pea r son  detection 
procedure  employed  by  the  receiver. 

The  s i gna 1 - des i gn  criterion  discussed  in  this  study  is  based  on 
the  asymptotic  behavior  of  the  fa  1 se-di smi ssa I probability  when  the 
decision-making  element  of  the  Ney ma n - Pea r s o n receiver  is  presented 
with  a sequence  of  independent  observations  of  the  statistic  N.  \ I I 
members  of  the  sequence  are  either  samples  from  the  noise  hypothesis 
II  (|  or  samples  from  the  s i gna  1 - p 1 us  - no  i se  hypothesis  II  . The  posing  ol 
the  s i gn  a I - de  s i gn  aspects  of  the  present  problem  in  the  realm  o I large 
sample  t he o r \ is  justifiable  not  only  because  o 1 important  radar  appli- 
cations in  which  the  transmitted  signal  is  repeated  several  times  and 
r o mm  ti  ii  i r a t i on  applications  involving  the  reception  of  several  diver- 
sity transmissions  but  also  because  an  important  underlying  principle 
of  signal  design  can  be  evolved  with  tractable  mathematics  and  well- 
known  results.  Although  the  11  s i ng  1 e - s a mp  I e ” recei  vei  differs  markedly 
from  the  “ mu  1 1 i p 1 e - s amp  1 e ” receiver,  we  shall  show  that  the  I a r gi 
sample  theory  yields  an  important  result  that  is  i ut  crpnl able  a-  a 
measure  of  the  efficiency  per  observation  presented  to  the  receiver. 

1 h i s measure  serves  as  a reasonable  subopt  imum  criterion  for  comparing 
different  transmissions  in  lieu  o 1 the  presently  intractable 
error-probabi  1 i t y criterion  for  the  s i ng I e - s amp  1 e receiver. 
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In  this  manner,  we  generate  a sequence  "f  tests  possessing  I 
probah i l i t \ equal  to  t . The  f a 1 se -d i sm 1 s sa 1 pro ha  h 1 l 1 t \ of 
test  will  he  denoted  h\ 
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Various  invest  igators  have  studied  t h e .1  s \ : p t o t 1 1 be  h a \ 
llefs.  20,  30,  and  31!.  kullhack  Mef.  31  presents  .1  simpl 
t i on  for  the  following  theorem  which  C’.hernoff  Ref.  2C<  atti 
unpublished  work  of  Stein. 
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tigate  the  properties  of  a transmission  x(t)  lhat  maximizes  the  asso- 
ciated Ku 1 l back -Le i b ler  information  number  /(//.,://  j ; x > . 

The  above  result  can  also  be  interpreted  in  terms  of  the  asymp- 
t ot  i c re  1 a t i ve  e f f i e i eney  o t t wo  compet l t i ve  cho  i ces , x , ( I ) and  x , ( I ) , 
for  the  transmitted  signal.  For  each  input  signal,  we  construct  a se- 
quence of  tests  possessing  false-alarm  probability  <X.  There  results  a 
sequence  of  f a 1 se- d i sm i ssa  1 probabilities  {,•'  * for  input  signal  *j(f) 

and  a sequence  of  f a 1 se -d i smi ssa 1 probabilities  1 lor  input  signal 

x,(f).  If  two  sequences  of  integers,  {n  f ' and  inn),  can  be  found  so 
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Thus  the  right-hand  side  of  Kq . (bb)  is  the  limiting  ratio  of  the  num- 
ber of  times  each  signal  must  be  transmitted  to  yield  the  same  false- 
dismissal  probability  for  a given  false-alarm  probability.  II 
/ (//  0 : //  j : X | ) > / (II  0 : II  j ; X ) , then,  in  this  sense  , the  s i gna  1 Xj  ( t ) is  non 
efficient  in  reducing  the  fa  1 se-d  i smi ssa 1 probability  per  transmission 
than  the  signal  x , ( t ) . 
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PHKI.IMINAIU  CONS  1 1)KB  AT  1 ONS 

By  using  the  relation  between  the  two  probabilttv  laws  in  Kq.  (-'■>  — ) 
and  the  definition  of  /(//„:(/,)  in  Kq . (65).  the  hiillback  la-iblei  mfni 

mation  number  can  be  expressed  in  terms  o 1 the  eigenvalues  ol  the 
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Denote  bv  1 the  nth  e i gen v a 1 ue  normalized  to  the  noise  intensity, 
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Vie  shall  also  refer  to  the  noise  normalized  eigenvalue  . n as  the  SNH 
of  the  nth  degree  ol  freedom  of  the  process  y(  ti- 
ll! this  chapter,  the  fact  that  the  eigenvalues  are  const  rained  b\ 
the  dispersive  properties  of  the  medium  is  ignored,  and  l lie  problem  ol 
maximizing  / ( // 0 ’.  //  ( ) under  the  simple  constraint 
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IS  invest  igat  rd.  The  results  of  the  present  rhapter  are  then  inlet 
preted  in  a latei  rhapter  l o develop  useful  s i gnu  I - des  i gu  'iileiu 
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the  inequality  (70)  bounds  the  average  signal  energy  to  noise  intensity 
rat  10  at  the  output  of  the  medium.  Ihis  is  equivalent  to  bounding  tin 
energy  of  the  transmitted  signal. 
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In  the  remaining  sections  of  this  chapter,  wc  prove  t h 
achieves  an  absolute  maximum  at  a sequence  in  possessing 
number  o 1 nonzero  equal  coordinates  with  coordinate  values 
it*  ini  t \ of  J . The  proo  I of  this  s t a teme  n t is  based  on  I i ii 
queue e that  satisfies  the  following  condition: 
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for  a l I m > M,  which  contradicts  tin*  assumed  propertv  of  l 1 1 * • 
sequence  3 . 

I h e existence  o I a p re i e r r ed  sequence  o i normalized  eigenvalues 
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In  addition  to  being  physically  reasonable,  our  results  are  in 
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upper  bound  for  the  error  probability  in  t lie  symmetric  binary, 
signaling  case.  In  Ref.  32  Wainstein  and  Zubakov  pose  t he  iol  lowing 
question:  Mow  many  transmissions  (denote  l » \ \)  ( » 1 a given  signal  are 
required  to  achieve  a specified  (X  and  ' with  t he  minimum  expenditure 
of  total  S\R,  if  each  transmission  is  independently  perturbed  b\  a 
t ime- i nvari ant , zero-mean,  complex  Gaussian  gain?  B\  appealing  to 
the  central  limit  theorem  (which  requires  vers  large  \ and  moderate 
x and  •'),  they  find  that  the  opt  imum  value  of  V in  general  depends* 
on  both  1 and  however,  for  a - •,  the  opt  imum  value  of  \ \ ields  a 
SNR  of  exactly  2 for  each  transmission.  In  Re  I . 33  Price  investigate 
the  e r ror - proba b i 1 i t y behavior  of  an  “on-off"  eommunicat  ion  svst em 
transmitting  a constant-envelope  pulse  over  a pure  Is  time -varying 
channel  with  exponential  correlation  function.  for  a g i \ «•  n available 
SNR  and  I i xed  I i me  constant  in  the  exponent  i a 1 rorre I at  ion  fund ion 
his  results  indicate  the  existence  of  an  optimum  pulse  duration. 

S i nc  e the  eigenvalues  depend  on  the  product  ot  tlo  channel  time  con- 
stant and  the  pulse  duration,  his  work  implies  the  existence  ol  an 
optimum  set  of  normalized  eigenvalues. 
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t he  fo 1 1 o» i up  I emma  [Ref.  34  I . 
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are  nonnegat  ite  implies  that  t/>.  achieves  its  maximum  value  sub.jei 
to  the  constraint  t i ) , at  the  point  whose  coordinates  are  all  unit 
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If  y has  a constrained  relative  extremum  in  the  hyperplane  //(c) 
some  point  yi , then  the  Lagrange  multiplier  rule  ensures  the  exist 
of  a constant  a such  that  is  a critical  point  of  the  lunetion 
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4>j(yi ) = (yJ ) +o  (2  y>n  - c) 
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lii  v i ew  o I tin'  equ  i va  1 ( n<  of  SNB- ma \ i m i z i ng  proce-sing  and  Nrvmun- 
Pearson  processing  for  ffC  conditions  demonstrated  li  v Price  (wit  l>  tin 
resulting  conclusion  that  increasing  ' improves  the  error  pi'  i I o rmaiii  e 
of  tin'  detection  system),  it  is  clear  that  maximizing  the  above  quant  its 
is  an  optimum  signal  design  strategy  for  l.fO.  conditions. 

Since  the  criterion  of  maximizing  the  ku  1 1 h ack  I.e  i h 1 e i i n f o rma  t i on 
number  is  based  on  large  sample  theory,  we  are  not  ensured  that  this 
criterion  will,  in  general,  yield  s igna  1 - design  procedures  that  mini  in  i z.  < • 
the  fa  1 se- di smi ssa l probability  at  a given  false  alarm  probabilitv  lot 
tin'  s i ngl e- samp  1 e receiver.  However,  in  this  chapter  we  demonstrate  that 
maximizing  the  number  / ( //u  : // 1 ) under  l.KC,  condit  ions  is  equivalent  t a 
maximizing  tin'  ratio  K ( S’)  anti  hence  is  ideal  I c a l with  Price  s criterion 
for  suitably  small  normalized  eigenvalues. 

In  addition,  it  is  demonstrated  that  the  ke\  phenomenon  in  tin-  lit 
case  is  the  approach  of  the  no i s e - no  rma I i zed  'tat  i si  n S \ to  a no t " a I 
random  variable.  It  will  be  shown  that,  as  S \ (|  approaches  normal  it  \. 
maximizing  / ( // (|  : // ( ) minimizes  t he  f a I s e - d i sm  i s s a I probabilitv  I " > mv 
false  alarm  probability,  under  t lie  reasonable  restriction  that  the  false 
alarm  probabilitv  is  not  chosen  so  small  that  a talse  dismissal  prob 
ability  less  than  one  half  cannot  be  achieved. 
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for  y ^ I , t li«-  terms  involved  in  the  expression  lot  / < II  //  I up 
peuring  in  l.q  (ti’t)  possess  the  expansions 
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/ Ul0:  II , ) and  i(.S)  wlii'n  tin-  norma  I i /rii  e i genva  1 lies  ari-  suitablv  small. 

1°  relate  the  integration  in  Kq.  (70a)  in  (In-  input  signal  ii  is 
more  conven  i ent  to  deal  with  the  autocorrelation  function  /{  ( t ) 

[ Eq . (10)], 
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lie  realtor , we  assume  that  the  medium  has  finite  niemor\  I.  that  is, 

h(t'T)  0 f o r / • I. 

and  that  the  transmitted  signal  x ( l ) is  zero  outside  a finite  t i , 
interval  o l duration  / x Then , it  the  duration  of  the  observation 
interval  / is  equal  to  /.  + / % , the  integral  in  I q ( 70  a ) .an  he 
written  as  an  integration  ol  the  squared  magnitude  ol  /{ , ( ;,t)  <iv,i  tin 
en t i re  a - t plane,  , 
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I he  integral  in  hq . (81)  can  he  expressed  in  terms  of  the  f ot 
second  order  measures  of  the  process  /{/)  i |- , g.  |'  hv  q q vine  t h . 
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t Ilf  quantity  ZA2  is  conveniently  related  to  the  input  signal  as  loll.  . 
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The  energy  constraint,  ZA  F(| . bounds  the  maximum  input  energy 
v x ( 0 , 0 ) since  /?  M ( 0 , 0 ) is  a constant. 
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and  scaling  this  signal  so  that  its  energy  is  maximum. 
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where  (1>  is  tlu*  unit  normal  p rob  ah  i 1 i t \ c)  i s t r i but  i on  . 
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with  approximately  equal  eigenvalues,  then  v ( is  a measure  of  the  num- 
ber of  degrees  of  freedom  in  this  dominating  set. 
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Ku  1 1 bar  h -l.e  i b 1 e r information  number  Kq  . (8f)  for  lit  conditions. 
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imize the  variabililv  (number  ot  degrees  ol  freedom)  ol  the  output  pro- 
r i - s /It). 

On  t lie  other  hand,  il  a long-duration  signal  is  transmitted,  the 
rapid  time  variations  n I the  medium  (implied  b\  t lie  large  Dopp  1 e r sp  re.n 
are  given  full  opportunity  to  severely  distort  t lie  transmitted  signal, 
lhis  implies  an  excessive  generation  ol  degrees  of  freedom  lor  l.f.O  con- 
ditions as  opposed  to  the  s hurt  - dura  t.  i on  transmission. 

It  is  interesting  to  compute  v (|  when  the  medium  is  time-  and 
f requeue)' - i nva  r i a n t , that  is,  when 

Kj}<0 (,/.)  ^ I for  all  n and  '. 

Ih  is  is  tlo  t ime- f requeue  s autocorrelation  f line  lion  foi  tin  time-  and 
I requeue  y - f I a t medium  w)i  i i h merely  multiplies  the  input  signal  |i\  i 
random  complex  gain.  I l is  evident  that  the  output  ol  sin  |i  a medium 
contains  only  one  degree  of  freedom;  hence 

»"  1 - ff  I . I'l  <,r)l  “,/>,/  ■ - | (PI  ) 

I'.q  ii  a t i o n ( (H  ) is  .1  w o l 1 * k n o w n ic  Inti  on  w !i  1 r h is  ti  s u a 1 I v d » r 1 v » d I 1 « • : 

1 hr  hf»  sii  do  f i n i t 1 on  of  ( » . ) u \ von  in  I .1 . 1 J A ) I . 1 \ . 


\ 1 1 NK.NAI  IIFSK.N  IKK  KiM)OMI  > DINI'IHSIM  MI  DI  A 

\.  DISCISSION 

The  general  problem  of  choosing  an  inpul  signal  that  Maximizes  the 
Ku 1 1 back- Le i bl er  information  number  when  the  eigenvalues  are  cons t rained 
by  an  arbitrarily  dispersive  medium  is  difficult  and  at  present  is  un- 
solved. The  solution  to  this  problem  involves  maximizing  the  quant  it  i 
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limited  in  both  time  and  frequency.  lienee,  the  resulting  non  re  a 1 i / a !>  1 . 
optimum  output  energy  density  based  on  a finite  number  ol  eigenvalui 
must  be  approximated  lit  a realizable  energy  density. 

Vie  have  shown  that  / ( // ,,  //  j ) is  maximized  when  tin  availahl.  s\|| 
i s distributed  equa  1 1 \ amon g t li «■  e i gen  f un  i t i on  s so  that  each  degr  i • I 
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one  if  the  average  energy  at  the  output  of  the  medium  is  finite 
the  function  Kr( f f)  is  continuous.  Equation  (98 ) implies  that 
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long-duration  signal  (for  example,  a long  pulse)  loi  delft  mg  'he 
presence  of  a target  possessing  a small  time  dela\  spread  and  a laig 
Doppler  spread.  The  resulting  output  will  he  a rapidly  iim  valving 
process  of  long  duration.  Intending  this  argument  to  other  puss i 
hilities  yields  Table  1,  which  tabulates  the  desired  ndativ.  n.agni 
tudes  of  signal  bandwidth  and  duration  for  various  combinations 
Doppler  and  time  delay  spreads  for  the  high-SNH  < use. 
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magnitude  of  the  product.  H „l  >VX  < •*.P) . small  in  the  t-  plane. 

From  the  above  equation,  it  can  be  seen  that  this  has  a flattening 
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Gret  tenberg  (Hef.  88  bus  suggest  ed  the  s t gna  1 -ties  i gn  rritcri 
maximizing  the  divergence  between  the  s i gna 1 -p 1 us -n<>  i se  and  noise 
potheses.  Since  maximizing  either  the  ku I 1 back -l.e i b le r informal i 
number  or  the  divergence  is  a sulu.pt i mum  strategy  when  the  medium 
randomly  time-varying  and  frequency -se led i ve  and  the  receiver  is 
Neynian -Pearson  detector,  it  is  of  interest  to  discuss  the  diff.ro 
bo tween  the  two  criteria. 
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f o rma t ion  numbe r s , 
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We  can  conclude,  from  the  lemma  on  page  16,  that  for  anv  finite- 
dimension  m,  t Ik*  divergence, 
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and  hence  attains  its  maximum  in  the  ( m ~ l ) -d i mensi ona  1 boundary  n I this 
region.  Meliorating  this  argument  until  the  dimension  is  units,  wo 
conclude  that  the  divergence  is  maximized  in  the  region  bv  choosing 
one  degree  of  freedom  possessing  the  total  available  SNH. 

Ihe  divergence  criterion  of  choosing  one  degree  of  freedom  inde- 
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degrees  of  freedom  used  to  rompute  * and  /(//,,://,  ) (denoted  1 . \ 
was  determined  t > \ dividing  (lie  available  SNR  b\  t lie  nea  i -opt  1 mum  valm 
of  2 . Similarly,  the  error  probabilities,  - and  1*11  .11  1 ■ • r< 
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At  moderate  values  of  SNR,  the  (imputed  points  in  fa  I ! - 2 di  pl.iv 

a striking  difference  i ti  the  f a 1 s e - d i sm  i s s a 1 probabilities,  / ( //  II  i 
and  ■ lJ  (H ! ,H  0)  ! . ff  the  available  .S\H  i-  20  dh  and  a fa  1 se  - a 1 a rm  p r ■ >b 
ability  of  4.65  x 10  is  chosen,  then  J (II  is  more  than  It) 

t imes  greater  than  c 1 /(//;//)]  . 

The  improvement  in  error -probab i l i t v performance  gained  bv  divid- 
ing the  SNR  among  independent  degrees  of  freedom  is  not  surprising. 

Bv  receiving  many  degrees  of  freedom  (with  the  proper  SNR),  we  obtain 
a diversity  improvement  affording  a protection  against  the  time-  and 
f r equ en c y -se 1 ec t i v e eflects  of  the  medium  that  is  not  obtained  bv  re- 
ceiving a si  gna  I with  only  one  degree  o I I reedom.  I f a I 1 l h<  re<  ri  in) 
signal  energy  resides  in  one  degree  of  freedom,  it  is  more  probable  foj 
this  one  degree  ol  freedom  to  be  in  .i  time-  or  f rei|uen.  v -s<  lei  live  mil 
(that  is,  the  gain  of  the  medium  is  low  for  the  particular  degree  of 
I reedom ) than  it  is  lor  many  independent  legrees  of  I reedom  to  simulta 
neously  be  in  a time-  or  frequency -se  lert  i ve  null. 


\l\  CO\<l.lMO\s 


In  attacking  I he  problem  « t designing  e I i 1 1 i «*  n t signals  I" 
mission  over  randomly  dispersive  media  we  have  proi  eedrd  along 
fairly  distinct  lines  oi  analysis  the  mathematical  characteri 
of  the  medium  and  the  analysis  <>  I the  detect  ion  problen 

lly  viewing  the  medium  transfer  function  as  a homogeneous  i 
field  on  t In'  t i me  - f requeue  \ plane,  we  hate  i n t rodm  ed  .1  11  ti  i I 1 ed 
theory  of  random  filters  which  has  provided  the  necessarv  I 1 an  e 
winch  to  cast  the  s i gna I - drs i gn  problem.  In  addition  it  has  b 
onstrated  throughout  this  st udv  that  this  model  atiords  a oompt 
sive  and  superior  physical  viewpoint  foi  the  1 mi. 1;. nn  1 1 a t 1 on  eng  1 
task  of  treating  systems  that  incorporate  dispersive  media.  Ih 
ous  second-order  measures  of  the  t 1 me  and  f 1 ecjueni  \ st  nn  lures 
process  and  their  resulting  transformations  through  a dispersiv 
ilium  provide  not  onlv  a fundamental  and  completi  sm  mid  ord.  1 t 
for  the  statistical  description  of  such  signals  but  also  a iim- 
physical  interpretation  o 1 the  dispersive  e I 1 ec  l s o I the  ned  1 11 1; 
input  signals. 
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* rHm  'I"'  *»  t fl  **  1" , since  the  per  III  nil. I IH  e of  t lie  dele,  tin  mill.  I mi.  hv 
put  lit'. s i s Is  not  i Iiilepeinieiit  of  its  perlonnani  e umler  the  other  Ini 
example,  maximizing  a meusui.  ,,|  the  detector's  capability  t..  dis,  , i 
inate  against  II  ( when  //(|  is  true  inn  \ imply  lot  a fixed  talse  alarm 
probability,  that  a lower  threshold  ran  be  employed  which,  in  turn 
may  imply  a lower  I a 1 sc  - d i sm  i s sa I p I obab i I i l y 

^ ' h a \ e shown  that  tin  . r I t . ■ r I n a x 1 i / i ng  / i //  //  \ yield 

an  optimum  signal  design  strategy  (the  false  dismissal  probability  is 
minimized  at  any  reasonable  lal.se  alarm  probability)  for  suitably 
small  noise-normalized  eigenvalues  at  the  output  of  the  medium. 
Additionally,  it  has  been  shown  that  this  criterion  in  the  general 
case,  dictates  the  very  reasonable  signal  design  strategy  „ f trails 
milting  a signal  that  produces  an  output  possessing  degrees  of  free 
dorn  with  individual  S.Ml  in  the  vicinity  of  2.  In  other  words  it  is 
desirable  to  apportion  the  available  SM’,  equally  among  degrees  ol 
Ireedom  with  the  proper  individual  NMi  and  hence  to  obtain  a diversity 
protection  against  the  time-  and  frequency  selective  fading  phenomena 
o 1 t in*  med  1 um . 


In  contrast  to  the  divergence  criterion  winch  tends  to  minimize 
the  degrees  of  freedom  at  the  output  of  the  medium  at  all  SM’,.  the 
hu  I I back  l.eiblei  I nlornuit  i cm  nuinbei  c rite  i ion  tends  to  limit  <>i  gen 
crate  degrees  o I freedom  at  th.-  output  function  of  the  available 

■s\H  and  t he  di spers ive  state  of  the  ediu  Geomet r i ca I ly  this  b< 

havior  is  explained  bv  tlo  convexity  I the  .1 1 v e i gem  . .,s  ,,  function 

of  the  noise-normalized  eigenvalue  *hcr...  i he  kullbaek  l.cbler 

informal  ton  number  is  . mo,  x , . g,,,n  when  th.  noise 

normalized  eigenvalues  , ,||  |,  , *r,  „t,.|  than  one. 

re. spec  t i ve  1 y . 


On  the  one  hand  ,1  the  available  >M;  an  I . h.  .Iispcsive  slat, 
ol  the  medium  are  such  that  the  >\i||  ,,  t individual  degree  ,.|  f , ... 

,|"  *s  "••■•ess., i i |y  sr, II.  then  maximizing  I ■ II  n \ . tend  limit 

th-  region  in  the  time  frequency  p | up , . .1  by  the  output  signal 

1 n ' i g v . fh  I s strategy  illicitly  rnmli.il  > the  medium  1 1 spe  r s i on  . On 
the  other  hand,  if  th..  available  NMi  and  the  dispersive  state  ol  th.' 
m"<l,l,"i  su<l“  "I  a"  individual  d.-gr freedom  ...ids 


1 « I/..X)  tend 


in  i h«‘  time  1"  r t*  ijh  »■  in-  \ plane  tin  upird  l>\  l li  <•  output  s i g u u I energy. 

Tills  strategy  uses  tile  meil  i mu  dispersion  to  eieute  the  desired  lllimbel 
of  decrees  of  freedom. 

Tli  e results  of  the  me  if  i urn  - < h a r a e t e r i z.  u t i on  and  de  t e e t i on  p rob  I e r 
analyses  have  been  eombined  to  y i e I >1  synthesis  constraints  on  the  in 
put  ambiguity  function.  One  constraint  amounts  to  designing  an  input 
signal  that  minimizes  the  number  of  degrees  ol  freedom  at  the  output 
of  the  medium  when  the  SMI  of  each  degree  ol  treedon  is  sm.i  II  I ii  i 
is  achieved  b\  maximizing  the  common  volume  shared  hy  tie  squat'  | 
envelopes  of  the  medium  time  frequency  autocorrelation  function  mi 
the  input  ambiguity  function  or.  equivalently  choosing  on  input 
energy  density  resembling  the  medium  scattering  function.  1 In  olhei 
constraint  ensures  the  best  mean - squa re  approx i mat i on  to  an  energv 
density  that  is  nonzero  and  constant  only  over  a i ee  t arigu  I a i legion 
in  t lie  output  t ime- I requeney  plane.  We  have  shown  that  the  luttei 
non  tea  1 i zab 1 e energy  density  provides  the  maximum  numbei  of  degrees 
of  freedom  with  SMI  in  the  vicinity  of  2 and  hen.  c maxi  l zes  t he 
Ku  l 1 back  - 1 .<■  i b 1 e r information  number. 

For  the  high  ^Ml  ease,  a lower  bound  has  been  deduced  fol  the 

equivalent  number  of  degi of  freedom  required  bx  the  output  pro 

cess  to  effectively  approximate  the  optimum  energv  density.  We  h a v i 
com  I li  de  d that,  I I the  SMI  1 s large  and  the  medium  i - Hot  h I gh  I v .(  i 
persive,  then  it  is  desirable  to  transmit  signals  that  emphasize  the 
susceptibility  of  the  transmission  to  the  dispersive  effects  of  the 
medium.  This  strategy  amounts  to  using  the  dispersion  introduced  bv 
the  medium  to  achieve  a desirable  diversity  reception  The  required 

degree  of  diversity  is  achieved  bx  making  the  common  volume  shared 
bv  the  squared  envelopes  of  the  medium  t I me  1 t eqiiem  \ autocorrelation 
function  and  i he  input  ambiguity  function  .suitably  mall  or.  c'|iiiva 
I e ii  t I v , by  choosing  a ii  i ii  put  energy  dens  l t v su  f f I c l eii t I v di  f let  ent 
from  the  medium  scattering  function. 
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In  genera  I , tin  romp  lex  i- ii  vr  I iipi  \ ( f I ..in  ,|m  | , .i  i 1 . i t i a i \ . 1 1,, 

amp  I i tude  .i  ml  phase  I n n r t i im.s  n eed  not  hi-  n-  I ii  I ml,  or,  eq u t x a I e n t 1 \ , 

the  quadratiirt poni  nt  - 1 ■ t \ ( t ) '.in  1 ■ • chosen  independently.  I . > i . \ 

•imp  1 e , p r ii r t i r a 1 a pp  I i i a t i on s exist  i ii  wli  i r h the  quadrature  r ompon r a t s 
"I  'It)  may  he  do  i i x ■ <|  Cron  two  independent  Ii  t na  r x information  on  r ■ ■ - s , 
“i  " n e o | the  quad  r a I ii  re  e ompon  e ii  t s max  serie  as  a pilot  tom  to  In 
used  I II  I lie  deniodii  I a t I on  p roe  ess  at  I lie  reeeiier,  while  the  o t he  t quad- 
rature component  is  information  modulated. 

It  is  assumed  that  the  ilemntl  u I a t I oil  ptnrcss  ett.pl  ox  ed  h\  tin  li- 
ce i x e r is  the  inverse  of  the  niodu  I a t I on  process  employed  fix  tip 


T'l 


transmitter.  Thai  is,  it  the  receivci  were  ilirci  tly  ronnc-te.i  to  t to 

transmitter,  then,  in  the  absence  of  additive  noise,  the  lemvei  »ou  I d 
exactly  reproduce  the  input  amplitude  and  phase  modulation  f une t ions . 

It  has  he e n assumed  that  t(H  is  a narrow-band  signal  practical  narrovi 
band  systems  closely  approximate  the  above  idealized  assumptions. 


2.  01  TIM  T COMIM.K \ KN\ Kl.Ol'KS 

The  system  functions  associated  with  the  randomly  dispersive  me- 
dium exp  I i i i t 1 v define  the  output  complex  envelope  as  a transformation 
of  the  input  complex  envelope.  for  example,  we  can  write  the  output 
complex  envelop**  in  the  form 

/At)  - . i ( V,  r )x(  / - MO  'd-d  . i \ . P 

When  t he  t raris  fer  I'ttiK  t i on  is  homogeneous,  we  have  found  that  the 

system  function  in  the  above  equation  must,  l n general,  be  a 

lions  t a t i ona  rv  comp  1 e*i  wh  i t e -no  i s e random  I i e I d , 

A : i ‘(\1,r,lfl\,,t;ll  - -V  W ' Ui  " V(7i  “ r ? 1 * <A*r>’ 


To  satisfy  the  condition  in  Kq  . ( A . S > , it  has  been  assume.!  that  t h« 

quadrature  r oin  po  n e n t s of  t li  e random  1 I e 1 d i t ‘ ) fc»i*m  »i  milt  it  *v  l 1 v u ui  o i - 

related  family  of  zero-mean  random  variables,  and  additionally,  it  lias 
been  assumed  that  for  a given  \ and  7 the  quadrature  components  ot 
i(\,r)  are  identically  distributed  random  variables.  lli>-  . assumptions 
lead  to  the  following  conditions  on  the  quadrature  components  of  tin 
ra  ndom  field  r ( V , ' ) : 
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a process  containing  white  noise.  However,  Price  offers  a p I a u s i I 1 o 
argument  for  ignoring  the  difference  between  the  two  processes. 
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Solving  I'.qs.  ( B.  6 ) through  (B.9)  yields  zero  for  all  lour  expectations 
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There*  fo  re* , under  e*ither  hypothesis,  the*  error  £ f)  depends  eenlv 
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by  obtaining  tiiis  coordinate.  No  information  is  obtained  concerning  the 
presence  or  absence  of  the  signal.  No  information  is  obtained  concerning 
the  noise  on  coordinates  that  may  contain  signal.  More  precisely,  it  is 
necessary  only  to  consider  the  projection  of  the  noise  n (t)  on  the  space 
spanned  by  the  signal  process  for  the  detection  problem  treated  in  tfiis 
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